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ABSTRACT:  A modified-Bloch equation based on the fractal derivative is proposed to analyze 
pulsed field gradient (PFG) anomalous diffusion.  Anomalous diffusion exists in many systems such 
as in polymer or biological systems.  PFG anomalous diffusion could be analyzed based on the 
fractal derivative or the fractional derivative.  Compared to the fractional derivative, the fractal 
derivative is simpler, and it is faster in numerical evaluations.  In this paper, the fractal derivative is 
employed to build the modified-Bloch equation that is a fundamental method to describe the spin 
magnetization evolution affected by fractional diffusion, Larmor precession, and relaxation.  An 
equivalent form of the fractal derivative is proposed to convert the fractional diffusion equation, 
which can then be combined with the precession and relaxation equations to get the modified-
Bloch equation.  This modified-Bloch equation yields a general PFG signal attenuation 
expression that includes the finite gradient pulse width (FGPW) effect, namely, the signal 
attenuation during field gradient pulse.  The FGPW effect needs to be considered in most clinical 
MRI applications, and including FGPW effect allows the detecting of slower diffusion that is often 
encountered in polymer systems.  Additionally, the spin-spin relaxation effect can be analyzed, 
which provides a broad view of the dynamic process in materials.  The modified-Bloch equation 
based on the fractal derivative could provide a fundamental theoretical model for PFG anomalous 
diffusion.  
Introduction 
Over the last few decades, significant amounts of anomalous diffusion studies have been carried out in a variety 
of systems such as in polymer or biological systems.1,2,3,4,5,6  Anomalous diffusion can be detected by pulsed field 
gradient (PFG) diffusion experiments. 7 , 8 , 9 , 10 , 11 , 12 , 13   PFG technique is a noninvasive tool to monitor 
diffusion.14,15,16,17,18,19  It has broad applications in Nuclear Magnetic Resonance (NMR) to study the transport property 
of the real material, and in Magnetic Resonance Imaging (MRI) to build medical images.  In PFG experiments, the 
detected signal intensity depends upon the diffusion behavior and the applied gradient pulses;  the faster diffusion 
induced a larger signal attenuation.  The analysis of PFG anomalous diffusion is much complicated than normal 
diffusion because anomalous diffusion has a non-Gaussian probability distribution and a nonlinearly time-dependent 
mean square displacement.  There are sophisticated PFG theories for normal diffusion,17,18 while, PFG theories for 
anomalous diffusion are developed relatively recently,7,9,12,13 and it is insufficient to analyze PFG anomalous diffusion.  
The PFG anomalous diffusion theory could explain the non-monoexponential attenuation of large b-value data in non- 
Gaussian diffusion that is hard to be analyzed by PFG normal diffusion theory.20  Additionally, for the curvilinear 
diffusion existing in macromolecule systems,9,21,22 the analysis by PFG anomalous diffusion theory could give more 
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accurate diffusion domain size.23,24  Furthermore, the analysis by PFG anomalous diffusion theory can give the time 
and space derivative parameters. 25   These two parameters are related to the diffusion jump length and time 
distributions2 that are determined by material dynamics properties.  To better analyze non-Gaussian diffusion, many 
efforts have been devoted to developing PFG anomalous diffusion theoretical methods.7,9,10,11,12,13, 26, 27,28,29 
Although PFG anomalous diffusion can be described by the fractional derivative,12,13,26 the recently developed 
fractal derivative has been adopted to describe PFG anomalous diffusion as well.13, 23, 26, 27,29,30  The fractal derivative 
is developed based on the concepts of the Hausdorff derivative.31,32  It is different from fractional derivative.  The 
fractional derivative is a global derivative operator, while the fractal derivative is a local operator.32  The fractal 
derivative gives a stretched exponential function based PFG signal attenuation expression,13,23,29,30  which is consistent 
with other reported results where approximate or empirical stretched exponential functions has been proposed for PFG 
anomalous diffusion in polymer and biological systems.7,8,10,11, 33   The fractal derivative is faster in numerical 
evaluations than the fractional derivative,29 which is an advantage in MRI diffusion imaging where the data size can 
be large.  Additionally, reference 29 reported that the fractal derivative could be a more natural way to link sub-voxel 
tissue composition with the PFG signal attenuation in MRI.  Therefore, the fractal derivative has its advantages in 
analyzing the PFG anomalous diffusion, and it is important to develop a fundamental PFG theoretical treatment based 
on the fractal derivative.  
Here, the fractal derivative is employed to build a modified-Bloch equation, which is one of the most fundamental 
PFG theoretical methods.  The modified-Bloch equation34,35 describes the spin magnetization evolution under the co-
effect of anomalous diffusion, Larmor precession, and relaxation processes.  Although various groups have proposed 
the modified-Bloch equations based on the fractional derivative,12,36,37 the fractal derivative has not been used to build 
the modified-Bloch equation.  Based on the fractal derivative,31,32 the fractional diffusion equation has a time fractal 
derivative t
  , whose time dimension is different from 
t

 in the precession and the relaxation equations.  The 
different time dimensions prevent the direct combination of the fractional diffusion equation with the precession and 
relaxation equations.  This hurdle can be circumvented by rewriting the time fractal time derivative t
  as
tt 

1
1

;  
the factor 1
1
t
can be moved to the other side of the fractional diffusion equation, which can then be used to build 
the modified-Bloch equation.  The obtained modified-Bloch equation can analyze PFG signal attenuation including 
the finite gradient pulse width (FGPW) effect, namely the attenuation during the gradient pulse period.17,18  The signal 
attenuation during a short gradient pulse could be neglected in PFG experiments, which is referred to as the short 
gradient pulse (SGP) approximation,17,18 nevertheless, the routine gradient pulse in clinical MRI is sufficiently long, 
and a long gradient pulse can measure slower diffusion under the same maximum gradient strength.  It is thus important 
to take into account of the FGPW effect.  The spin-spin relaxation effect8 can be derived from the modified-Bloch 
equation as well.  The modified-Bloch equation based on the fractal derivative provides a fundamental way to analyze 
PFG anomalous diffusion. 
Theory 
Modified-Bloch equation has been a primary PFG theoretical treatment for normal diffusion,17,18 which can be 
viewed as a specific case of anomalous diffusion.  The modified-Bloch equation for normal diffusion is35 
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where ),(),(),( tziMtzMtzM yxxy   is the magnetization, z is the position, )(tg is the time-dependent gradient, and 
T2 is the spin-spin relaxation time constant.  For simplicity, only one-dimensional diffusion along z direction is 
considered here.  Equation 1 is a linear combination of simultaneous processes: diffusion, Larmor precession, and 
relaxation.  In a rotating frame rotating around a magnetic field at angular frequency 0B   where 0B is the exterior 
magnetic field, and  is the gyromagnetic ratio, the spin Larmor precession can be described by17,18 
),()(),( tzzMtgitzM
t xyxy


  .             (2)   
The relaxation of the transverse component of magnetization can be described as38 
2
),(
),(
T
tzM
tzM
t
xy
xy 

.                (3) 
The one-dimensional normal diffusion can be described by39 
),(),( 2
2
tzM
z
DtzM
t xyxy 


 ,               (4) 
where D is the diffusion coefficient.  For normal diffusion, equations 2-4 can be linearly combined to build the 
modified-Bloch equation, because they have the same time derivative 
t
 .  However, for anomalous diffusion, the 
fractal time derivative is significantly different from 
t
 .  Based on the fractal derivative which is developed based 
on the concepts of the Hausdorff derivative, the time-space fractional diffusion equation is31,32 










2/2/
),(
),(  z
tzM
z
DtzM
t
xy
fxy ,             (5) 
where fD is the fractional diffusion coefficient with units 
 sm / , and the fractal derivative is defined as31,32 










0,0,)()(lim
1
1
1 tt
tPtP
t
P
tt
.             (6) 
 The fractal time derivative t

is distinct from 
t
 , which makes it difficult to combine the anomalous diffusion 
equation with precession and relaxation equations.  However, by rewriting the time fractal time derivative t
  as
tt 

1
, the fractional diffusion equation (5), can be rewritten as 
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Equations 2, 3 and 7 have the same time derivative 
t
 , and they can be combined to give a modified Bloch equation 
for anomalous diffusion:  
  
2
2/2/
1 ),(),()(
),(),(
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tzzMtgi
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Dt
t
tzM xy
xy
xy
f
xy 
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




   
 .      (8) 
When 2,1   , eq 8 reduces to eq 1, the modified-Bloch equation for the PFG normal diffusion.  In a homogenous 
system, the magnetization induced by the gradient field can be written as17,18 
 ztiKtStzM xy )(exp)(),(  ,              (9) 
where 
  
t
tdtgtK
0
)()(                        (10) 
is the wavenumber.  By substituting  ztiKtStzM xy )(exp)(),(    into the modified-Bloch equation, eq 8, and 
applying    ztiKtKztiK
z
)(exp)()(exp 

 

31,32 where oftentimes 0)( tK , we have 
)()()(
2
1 tS
T
ttKDt
t
tS
f 





   .              (11) 
The solution of eq 11 is  


  
t
f tdtKDT
ttS
0
2
)(exp)exp()(  .             (12) 
 If the relaxation effect is neglected, eq 12 reduces to 


  
t
f tdtKDtS 0 )(exp)(
 ,             (13) 
which reproduces the signal attenuation expression obtained by two other methods, the effective phase shift diffusion 
equation method13 and the instantaneous signal attenuation method26.  Under SGP approximation, for the pulsed 
gradient spin echo (PGSE) sequence or the pulsed gradient stimulated-echo (PGSTE) sequence as shown in Figure 1, 
eq 13 reduces to 
    fDgtS exp)( .               (14) 
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 Additionally, in the first period  t0  of PGSE or PGSTE experiments, when 2 ,   222 )( tgtK   and signal 
attenuation equation, eq 12 can be reduced to   )()(
2
12 tS
T
ttgD
t
tS
f 





  .  That is consistent with the result 


  1),()( 22 vtStDg
t
tS v ,  obtained by spectral function and echo damping method.40    
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Figure 1.  Two fundamental PFG pulse sequences: (a) pulsed gradient spin echo (PGSE) sequence, (b) pulsed gradient stimulated-
echo (PGSTE) sequence. The gradient pulse width is  , and the diffusion delay is Δ. 
 
Results and discussion 
This paper proposes the modified-Bloch equation based on the fractal derivative for PFG anomalous diffusion.  
From the modified-Bloch equation, the PFG signal attenuation expression is a stretched exponential function, 


  
t
f tdtKDT
t
0
2
)(exp)exp(   .  Neglecting the relaxation term )exp(
2T
t  , the PFG signal attenuation 


  
t
f tdtKD0 )(exp
   is the same as those obtained by the effective phase shift diffusion method13 and the 
instantaneous signal attenuation method26.  The effective phase diffusion equation method describes the phase 
evolution process, while the instantaneous signal attenuation method considers the signal average of diffusion.  The 
results here also agree with two other approximation methods: the auto-correlation function method7 and the modified-
Gaussian phase shift distribution method27.  Although the auto-correlation method7 is a very successful pioneer method, 
it has considered only the time fractional diffusion with  equaling 2, where its results are the same as that from the 
modified-Gaussian phase shift distribution method.  The current approach can handle the general anomalous diffusion  
 2,0    , which includes the tine-fractional diffusion  2,20    , space-fractional diffusion 
 20,1   , and normal diffusion  2,1   .  Figure 2 shows the comparison between the three methods 
mentioned above.  Figure 2(a) shows the time-fractional diffusion results with  = 2, while Figure 2(b) shows the 
general fractional diffusion with 2  .  In Figure 2, the results from the modified-Bloch equation have better 
agreement with the other two methods at small /  than at large / .  Additionally, the agreement also depends on 
the value of  .27   
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Figure 2.  Comparison of the signal attenuation obtained by the modified-Bloch equation with that obtained by the modified-
Gaussian approximation method in Refs. [15] and [17]: (a) 2,6.0   , fD = 2.08× 10-10 mβ/sα , (b) 5.1,5.0   , fD = 
1.0× 10-7 mβ/sα .  Other used parameters are g equaling 0.1 T/m. 4106751.26 g rad/m and  8106751.2   rad/sT.   
 
Determining the fractional derivative order parameters,   and   is important for anomalous diffusion.    and 
 are related with the diffusion jump time distribution and jump length distribution respectively, which could provide 
important dynamic information in material studies.  Additionally,   and    may play an important role in MRI 
imaging as they could potentially be used as contrast parameters for imaging.25  These two parameters can be 
determined by PFG experiments.  Palombo et al. have used PFG NMR to measure parameters    and    by 
phenomenological signal attenuation formalisms for time-fractional diffusion and space-fractional diffusion.33  
Additionally, references 26-28 reported that   and   can be determined by 
 








fixed are  g andwhenc
fixed are  g and  ,whenc
fixed are  and whengc
tSS
,),ln(
),ln()(
),ln(
)(ln)0(ln(ln
3
2
1



,      (15) 
where c1, c2 and c3 are constants.  Please refer to26-28 for more detailed information. 
The fractal derivative gives a stretched exponential function (SEF) based attenuation, while another fractional 
derivative operator, the fractional derivative gives a Mittag-Leffler function (MLF) based attenuation.12,13,36  The 
comparison between stretched exponential attenuation and Mittag-Leffler function based attenuation is shown in 
Figure 3.  At a small level of signal attenuation, the PFG signal attenuation based on the fractal derivative is close to 
the signal attenuation obtained by the fractional derivative, while at large attenuation, their difference becomes 
significant.  Moreover, reference 13 reported that the stretched exponential attenuation attenuates faster than the 
Mittag-Leffler attenuation at subdiffusion, but it attenuates slower than the Mittag-Leffler attenuation at superdiffusion.  
It is also worth mentioning that at superdiffusion, the Mittag-Leffler function based signal attenuation from the 
fractional derivative model oscillates between positive and negative values at large attenuation regions,13 which still 
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cannot be clearly explained.  However, the oscillating pattern does not appear in the stretched exponential attenuation 
obtained by the fractal derivative model.13  Although the exact application scopes of the two models are still not 
clear,31,32 these two derivative models have their own advantages, and they demonstrate complementary nature in 
analyzing PFG anomalous diffusion. 
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Figure 3.  Comparison of the signal attenuation eq 14 obtained from the fractal derivative with      fDgEtS )(  obtained 
from the fractional derivative.37 The SGP approximation are used.  The parameters used are 2,6.0    , and 
4106751.26 g  rad/m.  Additionally, fD is 2.08× 10-10 mβ/sα in the stretched exponential attenuation based on the fractal 
derivative, while it is    1/1008.2 10  mβ/sα in the Mittag-Leffler function attenuation based on the fractional derivative.  
 
The modified-Bloch equation can either be a differential equation or an integral equation.  The modified-Bloch 
equation obtained based on the fractal derivative is a differential type equation, which is different from the integral 
type modified-Bloch equation obtained based on the fractional derivative.12,36,37  However, the differential modified-
Bloch equation, eq 8 can be transferred to an equivalent integral type of equation,  
 







 
t
xy
xyxyfxyxy dtT
tzM
tzzMtgitzM
z
DtzMtzM
0 2
1 ),(),()(),()0,(),(  
 .    (16) 
Therefore, a modified-Bloch equation is built based on the combination of diffusion, precession, and relaxation 
processes at each instant of spin magnetization evolution.  It can either be a differential equation, 


i
xyi
xy tzMf
t
tzM
)),((
),(
 , where i stands for one of these processes, or an integral equation,  
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  



 ttzMhzMtM
i
xyixyxy )),(()0,(),(z .  The two modified-Bloch equations, equations 8 and 16 are built either 
with the same
t
  or the same t , namely, the modified-Bloch equation should be built either with the same time 
derivative in a differential equation or the same time increment in an integral equation.  When 2,1   , eq 16 
reduces to 
 






t
xy
xyxyxyxy dT
tzM
tzzMtgitzM
z
DzMtzM
0 2
2
2 ),(
),()(),()0,(),(  ,     (17) 
which is the integral type of modified-Bloch equation for normal diffusion. eq 17 is equivalent to eq 1, the regularly 
used differential type modified-Bloch equation for normal diffusion.17,18,35 
PFG anomalous diffusion behaviors are significantly different from PFG normal diffusion.  Figure 4 shows the 
comparison between free anomalous diffusion and normal diffusion.  In Figure 4, the diffusion constant used for normal 
diffusion is 1.8 × 10-11 m2/s , while anomalous diffusion has 2,5.0    and fD = 9.0 × 10-12 mβ/sα , which can be 
seen as a curvilinear diffusion; the SGP approximation is used with wavenumber equaling 5106751.2 g rad/m.   
Figure 4 (a) shows that the mean square displacement is a bending curve for free anomalous diffusion, while it is a 
straight line for normal diffusion. A similar difference can be seen in the signal attenuation curve in Figure 4 (c).  These 
free anomalous diffusion bending curves in Figures 4 (a) and (c) could be misinterpreted as a restricted normal diffusion 
curve with a certain domain size, which can lead to wrong morphology structure in material studies.  Figures 4 (b) and 
(d) plotted )log( 2  z versus )log(  and ))(ln(ln( tS versus )ln( respectively, and all the curves are straight 
lines and the curve slopes correspond to the time derivative order parameters.  No domain size is indicated in 
Figures 4 (b) and (d).  Thus, it is important to distinguish normal diffusion and anomalous diffusion in PFG 
experiments.  The modified-Bloch equation method is a fundamental and versatile theoretical method.  It incorporates 
the simultaneous contributions from different processes such as diffusion, precession, and relaxation upon spin 
magnetization evolution.  The current results in this paper only consider two important effects in PFG diffusion, the 
FGPW effect and spin-spin relaxation effect.  Other complicated situations such as drift diffusion, boundary or initial 
conditions, spin-lattice relaxation, and exchange could also be considered based on the modified-Bloch equation, which 
requires more future research efforts.   
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Figure  4.   Comparison between free anomalous diffusion and normal diffusion: (a) )log( 2  z  versus Δ, (b) )log( 2  z  versus 
log(Δ), (c) S(t) in logarithmic scale versus Δ, (d) ln(-ln(S(t)) versus ln(Δ).  The diffusion constant used for normal diffusion is D= 
1.8× 10-11 m2/s , while anomalous diffusion has 2,5.0     and fD  = 9.0 × 10-12 mβ/sα .  For the simplicity, the SGP 
approximation is used here with 5106751.2 g  rad/m.  
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